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SUBM is a CONVEIfT program, realized in tile CTSS LISP of 
Project Mac, for constructing the subset machine with the same 
behaviour as a given transition system.,. The prograw interactively 
collects the six items defining a transition system: its state set, 
alphabet, transition function, initial states* accepting states and 
spontaneous transitions. It then, computes the subsot machine, producing 
its state set, transition function, initial state and accepting states. 



A tTonsiti™ system is a variant of the- concept of a finite 
state machine which very often provides * wore economical and convenient 
notation« One of the principal uses of a transition system is as an 
intermediate step in the process of constructing n, finite state machine 
which, will accept precisely those words designated by a given regular 
expression, since there is a very straight Forward process by which the 
transition systems correspond!up; to individual regular expressions may 
be combined to correspond to the concatinatiosi, union* end iteration 
of regular expressions ; the three processes from which compound regular 
expressions are formed from simple regular expressions, 

A transition System is essentially a graph* The Pedes of the 
graph represent the states of the transition system* while the directed 
arrows Connecting the States correspond to input words* and represent 
the transitions of the system* Arrows representing all possible words 
are net drawn, hut only those representing individual letters or the 
null word* The confoinaliens of these primitive arrows yield composite 
arrows * 

In addition to the graph* there is specified a subset of the 
states called the initial states as well as another subset* called the 
accentinp states * The use of the transition system is to distinguish 
those words for which there exists at least one path from an initial 
state to on accepting state from those for which thorp docs not, 

A finite state machine Pay also be represented, by a graph, but in 
contrast there is only one Initial state* and there is exactly one arrow 
ererpin k from each node for each letter of the alphabet * and no arrows 
corresponding to the null word, By contrast there may be several arrows 
or none corresponding to a given letter onerging from a node of a transition 
system* 

The construction of a finite state machine equivalent to a transition 
system consists in taking as states of the aachine subsets of states of the 
transition system. By taking as the image of a naribine state the set of 
all possible states of the transition system derivable by the Some letter 
from soma state of the argument set* one ensures that there will be one 
imago and hence one arrow fpr each letter of the input alphabet* Of cour&C* 
the image set could be the empty set* 








It then remains ta define the initial and accepting 5tatM 
appropriately so that both the transition system and its subset machine 
»atc exactly the same distinctions of input words, The initial state 
Of the Subset machine is conveniently tnien as the set of initial States 
of the transition system, tegotber with any states derivablo from them 
by rmans of the null word. The accepting states are those subsets which 
contain one of the accepting states of the transition system, 

Whereas the subset machine of an n-state transition system would 
contain 2 n states, one is really only interested in the connected 
exponent of the subset machine, and the connected component may contain 
considerably less than this number of states, 

the formal definition of a finite state machine, nr automaton, is 
that it is a quintuple 

S * <S ( I, H, a, P> 

S is the set of states, generally carrying the same name 
E is the input alphabet 

M: S«l + S is the transition function 

acS is the initial state 

FC5 is the set of accepting states. 

The formal definition of a transition system is that it is a 
sextuple, 

T - <T, E t N, A, 0, 

T is the set of states, generally carrying the same name 

t is tho input alphabet 

T 

N: Tke -*2 is the transition function 

Act is the set of initial states 

OCT is the sot of accepting states 

PCT“T is the spontaneous transition relation, 

In i h* usage of transition systarns one requires the following further 
definitions, 

Ji 

r is the reflexive and transitive closure of P* 

Is, o, tj ; There is a transition from s to t mediated 
by c; when o ■ A f £s*t) e V; otherwise 
When n - wo , f* p w, x| and q£N(k lff ] and 
P* for some k and q* 


The subset tonstruction itself consists in forming the following 
machine, niven the transition system f* 


E " E 

MEU* o) •* (ttT Ja u cu > |u o 11 > 
a * Jt*T 13 *i A* 
f * |uc;i T i uno =r. * | 


In order to curry Wt the subset construction the taKVEffT program 
SUaM was formulated* t3oWever, on account of the l.ISP substrate of CflNVEftT 
it appears in tho tT5$ time sharing- system of Project kac as n USP 
function of no variables, fSUBM)* As befits its presence in a time sharln 
interactive envoironrent, the program gives Instructions for further data 
to be input during the course of its execution, and in this manner the 
components of the transition system T are specified* The operation of the 
prog ran m&y be lltustmted by following its development during the 
execution of an example, which is the following transition system of nine 


S talcs, 



state number 1 is the cnly initial state, and is also the only 
accepting state* 

The following is a transcript of the execution of this example, 
annotated to indicate the sequence of steps* 



The gathering of date about the transition system thus follows 

th-e following count, 

Read in the alphabet 

Head in the Statu sat 

Read in the list of initial states 

Guild the transition tab la rending the transitinns 
from one Stats at a tira 

Head in the Spontaneous Transitlcm Re1stion 

Fern its Transitive Closure 

Read in the list of accepting states* 

Thereupon the data concerning the subset machine is calculated J 

and output as it is determined, 

Determine the initial state, it is the sot of initial 
States of the transition system together with thoir 
successor states by the null word, determined from 

C‘P*)« 

netermine the transitions, at the same time noting the 
new states which arise, 

When all the transitions are known, the stole set of the 
connected component of the subset machine is known and 
may he printed* 

thm accepting states among them may be determinod by 
testing thalr intersection with the sat of accepting states 
of the transition system* 

At this point the prograa enters a loop ih which one may ask for 
specific transitions which interest him* The program, is terminated by 
writing ST; other reqoests will he unceremoniously rejected* 


-4- 


K 1620,0 
loid [(subm)) 

MU 

SUljm £) 
fAl.PI IABET) 

£0 1 } 

[STATE SETT) 

(1 2 3 4 3 6 7 8 9 ) 
(INITIAL STATES) 

CD 

(TRANSITIONS) 

1 

n ; 

2 

CCI 3) (0 y)} 

3 

0 

4 

0 

5 

C(C *) d &)) 

6 ' 

o 

7 

(to s) ci *n 
& 

0 

5 

o 

(£9) C*3 (7 CO 9) £1 fi)) 
(2 (i 3 ) [0 &)) CD) 
(SPOtfTAUEOUS TRANSITIONS) 
I 

( 2 ) 

1 

0 

3 

(4) 

4 

[5 7 ) 

5 

0 

ti 

(*) 

7 

0 

6 

G) 

9 

o 


will now e a? cats OOWSfiT 
t-Jn? time is a signal tnat CONVERT is wady 
toad tho disc fi le SUBli LISP 
hj fnor.ymn ft>r (), t3i@ file iff loaded 

LISP is asked to {StiBf-t} 

SUBM asks far t^is alphabet of the trspwifip* $ya±en 

which is a frinary a Jph abet 

Stint' rtou tfflJtG for a Jist of the states 

which aiv JikfflivrSj 2 t3rn?b£?h 9 

StiSM asks for th# initial states 

Sfiere is but one, fcwt it fee listed 

StiBtt m ft.? asfcs for the function St 

requesting first i^pes of state nastier 1 

of l thick there a™ none 

SUBtf £si;s for the image of state number 2 

X aarries S into 3; 0 carries 3 into 3 

SUBM continues to list the states f to which 
the response iff ci list whose elements aiv 
ZiGtS/ the in^itt letter foll&Sed by the 
States to which that letter writes 
t rate i -1 icne + If there are no image 
states the letter need not be mentioned 
either * Thus if 2 caused tirmsitions to 
states 2, 4, md 5, but 0 caused no 
transitions, the response wcuLd be 
(U 5 4 


(*) (S {0 S) (L a)) (4) (3) 

SUBM writes its internal represe static ?n of iV 
StiBM now asks far the sptfntcmeoHS transitions 
first those originating from state number 3 
of wJttaH 3 iff the only suej’i state 

SUBM continues listing the States in 
order t and expects in eg oh ease a Het of 
those Stat&S to Which the system r.vrj pane 
spontaneously t indicated in t3ts transition 
diagram by arroJs labelled &.* Id .flra 

none > the reo-p^ffe is f} r 
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St/8H now eonpn t the trwiffifiys and rs/ietfioe 
cEtiaurc of the upon tone one tr'ansitien 
miction which it kao been given t and 
prints t?t£ nsffuitj in the form of a Hot 
of those states accessib'ie from the first 
state of Me list, by means of a Mat-ra 
of null 


SVBN nM ashs for a list of the acceptinc States 

of which 1 fs tf?e only (Mdj taut it be lie ted 
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We begin the output of the description of the 
cutset machine 

First the initial state is tisted; it is a etibset 

fol Itr.Jed by the transition function (Mick i# 

Cl 2)) defined as a table which flas Mg form 

C3 4 5 7))) f—* (s — a t) ==} =) t which is 

tor fey Met it is a list of su&Zictej one for 
(3 4 5 7)) each state* One of these Sublists begins with 
the ntprnj of the state f antf mnsoine pfliiw H t) 


Which state Mat letter i aautftfS a ti^aition 
to state t* There is one suck pair for each 
letter of the alphabet, 
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VALUE 

NIL 

It U^W+ 20^50 


The states con ^?rising the subset machine are listed 


The aooepting states are listed 

$U&M is commanded to cease operation 
to which it responds amial>ty 
LISP ii l asked to fVOSfi ration 
to which it returns its value 

and CTSB the total elapsed time 




With the result! SO obtained we may draw the truns.i tiOil diagram 
of the Subset machine. 



Hi* CONVERT program itself is a fairly straightforward 
realization of the theoretical steps necessary for the construction.. 
5UBM is primarily a CONVERT Program, which calculates in order the 
quantities of interest after having collected the necessary data. 
Necessary sets are treated as lists, while the transition functions are 
treated as tables ( and also Stored as lists with an appropriate 
structure. This structure is (*« (s *** ft t) «») -*-) * which moans 
that for ovary state s there is a list of transitions headed by the najs,c 
of the states. The entry [i t) moans that M(s, 1 } = t, in the case of 
a machine. In the Casa of the transition system, the entry would be 
[i ttt] , where the fragment ttt was a list of tlia elements comprising th 
net of images under i; thus W-fs, i] ■ fttt), 

Thera is a problem in the represantatiOh of sets by lists that ch 
sets so represented may he equal without the corresponding lists being 
ecjualp due to the fact that lists more properly represent ordered sets, 
CONVERT does not imediately recognize set equality?, rather than revise 
CONVERT to include a pattern to test equality of sets, it is preferable 
to normal!re the lists representing sots, This is accomplished by a 
double complementation, if 5 is the set and U a subset, the hemalizod 
f«* u is (-OQMP* R f-COMP- 5 U)} + It is to be recalled that -CAMP= 
dees rot change the order of the surviving elements of its argument. 






The argument » of CONVERT, in the definition of SU&H, cor. tit ins the 

l 

following Five entries. 


(* REAR*) 

rinuM 

CStlST) 


SUSE 


On account of CONVERT not cont ,1 i ni n g the 
fragment analogue of ■FLEAn« t which roads 
one "S-Express ion" from the teletype console* 

A function (NORM X) which places the elements 
of the subset of states X in their standard 
order, by double complementation* 

A fragment-valued function (StJST S L) whi eh 
finds the M suece sacra of a state” whom in S is 
a state, and L u a letter of the alphabet. 

It first of all finds all those states listed 
in the transition table ( *TR*) as 1 Page3 of 
S under E-, and then examines the sn bait an ecus 
transition table (*F™) t which is extended to its 
transitive and reflexive closure in nn initial 
stage of the program, to sod her. - many further 
states arise from the imago states by spontaneous 
transitions * 

(3 USE X L} concatlnates the successor states 
for each element of the set K according to 
the letter L: it therefore finds the"successois 
of a set. 11 


AfuS In forming the set of states of the subset machinej 

we do not undertake to discover all the subsets of 
the state set of the transition system, but rather 
those of its connected component, Which arise from 
the initial state by some chain of transitions, 

In the process a list of subsets already Found is 
kept* £*SS*)* (ADJS X) is used to "adjoin a state' 1 
to this set* If X is new t it is adjoined to £*5S*J , 

The argument I of CONVERT consists of variables S, L, and X; fragments 
XXX and m. 

The argument (i of CONVERT is vacuous^ since the program receives 
its dots by mean? of 

The argument It of CONVERT is one single program* Its program 
variables have the following significance. 

The common alphabet of the transition systom 
and the subset machine, 

»AA« The accepting states of the subset machine* 

“1= Tha initial states of the transition system, 

A itate of tha subset machine, 

(*&*) The state set pf the transition system, 

C*5S*] The at^te sec of tbo subset machine* 


(*TR*> The list representing the function N; that is 
the transition table of the transition system, 

C*rr*y the list representing tho function M* that 1 $. 
the transition table of the subset machine, 

(*?*] The spontaneous transition relation* which is 
Jeterminod by an bRraqh oyd-aj for each state 
there aTe listed that state and its spentanecus 
triages, This xelnticai is promptly replaced by 
its transitive closuTe J which form it retains 
throughout the program,, 

C*F*) The list of accepting states of the transition 
systam* 

f*h'“) A working variable used in various parts of the 

program, 

Following the program in rough outline we sec that it follows the 
stops seen in the example. The necessary data to define the transition 
systen are collected, A request For the data is written on the user-s 
console* and when it is furnished, is stored in an appropriate program 
variable, Ko test is made to see if the data furnished is plausible, 
which, assumes that a fairly experienced person will use the program, A 
syntactic check could bo included if necessary, Some of the data is 
collected step by step- rather then inputting the whole transition table 
at once* it is called for state by state* the program voluntasring the 
state nare so that none will be overlooked. 

The transitive closuro of the spontaneous transits on relation is 
calculated by a subprogram. This program uses the program variables 
(II) and (!*)* Initially, £*P‘J is the input spontaneous transition 
relation, a list whose sub lists consist of the different states foil owed 
by their immediate spentfineous images. The variable (I) runs through 
these lists* to the currant one of which (II) is initially set. Thus 
(II) contains the imodiate image of a certain state, 5 , For each of these 
immediate images, an imediate image is sought* giving second images 
derivable from 5 not by 1 * but by u. Any new states found by this process 
form the set (I*)* The new states are adjoined to (II)* and the cycle 
repeated with a search for third inages* and so on. The process stops 

when no now images are found* and the next state is investigated until none 
are loft. 
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